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Abstract
A profinite group G is just infinite if every non-trivial closed normal subgroup of G is of finite index, and
hereditarily just infinite if every open subgroup is just infinite. Hereditarily just infinite profinite groups need
not be virtually pro-p, as shown in a recent paper of Wilson. The same paper gives a criterion on an inverse
system of finite groups that is sufficient to ensure the limit is either virtually abelian or hereditarily just infinite.
We give criteria of a similar nature that characterise the just infinite and hereditarily just infinite properties
under the assumption that G is not virtually pro-p.
Definition 1. In this paper, all groups will be profinite groups, all homomorphisms are required to be continuous,
and all subgroups are required to be closed; the notation [A,B] is understood to mean the closure of the commutator
of A and B. We use ‘pronilpotent’ to mean a group that is the inverse limit of finite nilpotent groups. A profinite
group G is just infinite if it is infinite, and every non-trivial normal subgroup of G is of finite index; it is hereditarily
just infinite if in addition H is just infinite for every open subgroup H of G.
Most results to date on just infinite profinite groups, and especially on hereditarily just infinite profinite groups,
concern those which are pro-p or at least virtually pro-p. It is easy to see that such groups are the only just infinite
virtually pronilpotent groups. By contrast a recent paper of J. S. Wilson ([2]) gives the first known constructions
of hereditarily just infinite profinite groups that are not virtually pro-p. The present paper expands on a result in
[2] that gives a sufficient condition on an inverse system of finite groups for the limit to be hereditarily just infinite.
Theorem 2 (Wilson [2] 2.2). Let G be the inverse limit of a sequence (Gn)n≥0 of finite groups and surjective
homomorphisms Gn → Gn−1. For each n ≥ 1 write Kn = ker(Gn → Gn−1), and suppose that for all LEGn such
that L 6≤ Kn the following assertions hold:
(i) Kn ≤ L;
(ii) L has no proper subgroup whose distinct Gn-conjugates centralise each other and generate L.
Then G is a just infinite profinite group and is either virtually abelian or hereditarily just infinite.
We give similar conditions on an inverse system which ensure that the limit is just infinite or respectively
hereditarily just infinite (Theorem 5). This is not quite a direct generalisation of Theorem 2, not least because
1
Theorem 2 allows for some pronilpotent groups such as Zp whereas the inverse limits in Theorem 5 are never
virtually pronilpotent, but the results are closely related (see Proposition 6). More significantly, the conditions in
Theorem 5 turn out to characterise just infinite or hereditarily just infinite profinite groups that are not virtually
pro-p, in that every such group is the limit of an inverse system of the prescribed form; indeed, one can impose
apparently stronger conditions (Theorem 9).
Definition 3. Let G be a profinite group and let A and B be normal subgroups of G such that B < A. Say A/B
is a chief factor of G if there are no normal subgroups of G lying strictly between A and B. Say (A,B) is a critical
pair in G if B contains every normal subgroup of G that is properly contained in A.
Note that given a critical pair (A,B), then A/B is always a chief factor of G, and that if (A,B) is critical in G,
then (A/N,B/N) is critical in G/N for any N EG such that N ≤ B. Critical pairs have a further useful property
concerning centralisers that can be used to establish the (hereditary) just infinite property.
Lemma 4. Let G be a finite group with critical pair (A,B), and let K be a normal subgroup of G that is not
contained in CG(A/B). Then K ≥ A and K is not nilpotent.
Proof. As K does not centralise A/B, it follows that [A,K] 6≤ B. But [A,K] is a normal subgroup of G contained
in A; hence [A,K] = A since (A,B) is critical in G. In turn, the equation [A,K] = A means that all terms of the
lower central series of K contain A > 1, so K ≥ A and K is not nilpotent.
Theorem 5. Let G be the inverse limit of an inverse system Λ = (Gn)n≥0 of finite groups, where Gn contains a
specified normal subgroup An, with associated surjective homomorphisms ρn : Gn+1 → Gn. Write Pn = ρn(An+1),
and write Bn+1 = ker ρn. Suppose that (An, Bn) is a critical pair in Gn, and that PnCGn(Pn) ≤ Bn, for all but
finitely many n. Then G is just infinite and not virtually pronilpotent.
Suppose that in addition, the following condition holds:
(∗) For infinitely many n, if U is a subgroup of Gn whose distinct Gn-conjugates centralise each other and
generate a subgroup of G containing An, then U EGn.
Then G is hereditarily just infinite.
Proof. Let pin be the homomorphism from G to Gn associated with the inverse limit construction. Let T be a
non-trivial normal subgroup of G, and let Tn = pin(T ). By construction, the subgroups pi
−1
n (An) of G form a
descending chain of subgroups with trivial intersection. Thus for n sufficiently large, Tn is not contained in An. It
follows that for n sufficiently large, Tn does not centralise Pn, in other words Tn+1 does not centralise the section
An+1/Bn+1 of Gn+1, and (An+1, Bn+1) is critical in Gn+1. Lemma 4 now implies that Tn+1 ≥ An+1 and Tn+1 is
not nilpotent. As Tn+1 ≥ An+1 for all n sufficiently large, it follows that T ≥ pi
−1
n (An) for some n, so T is an open
non-pronilpotent subgroup of G. Thus G is just infinite and not virtually pronilpotent.
Suppose G is not hereditarily just infinite; then G has a non-trivial subgroup U of infinite index, such that the
distinct conjugates of U centralise each other (see e.g. [2] 2.1). Let L be the normal closure of U in G. Since L is
a non-trivial normal subgroup of G and hence open, there is some n such that pim(L) contains Am for all m ≥ n.
Moreover, the distinct Gm-conjugates of pim(U) centralise each other, and for m sufficiently large, pim(U) is not
normal in Gm since U is not normal in G, contradicting (∗).
There is a direct connection here with Theorem 2 that is not proved via the just infinite property, as follows:
Proposition 6. Let Λ be an inverse system Λ = (Gn)n≥0 of the form described in Theorem 2, with Kn as specified.
Suppose in addition that Kn has a non-central minimal normal subgroup for all but finitely many n. Then it is
possible to specify An ≤ Gn so that Λ of the form specified in Theorem 5, including condition (∗).
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Proof. Let Sn = ker(G→ Gn−1) for n ≥ 1. Condition (i) of Theorem 2 can be reinterpreted as follows: Given any
normal subgroup L of G, either LSn+1 properly contains Sn, or else Sn contains L.
Let R be such that R/Sn is minimal normal in G/Sn, and let L be a normal subgroup of G that is properly
contained in R. Suppose L is not contained in Sn. Then LSn = R, and there is some i ≥ 0 such that LSn+i = R
but LSn+i+1 < R. In particular, LSn+i+1 does not contain Sn+i. But then Sn+i contains L, so Sn+i = R, a
contradiction. Hence (R,Sn) is a critical pair in G.
For some n, suppose for all R as above that CG(R/Sn) contains Sn−1. Then every minimal normal subgroup of
Sn−1/Sn ∼= Kn−1 is central. By assumption, this can only occur for finitely many n. Thus there is some Rn > Sn
such that (Rn, Sn) is critical in G and such that, for n sufficiently large, CG(Rn/Sn) does not contain Sn−1. In this
case CG(Rn/Sn) is contained in Sn−1.
Now set An = Rn/Sn+1, set Pn = Rn+1/Sn+1, and set Bn = Sn/Sn+1 = Kn. It is clear that Bn and Pn arise
in the specified way from the series An and the kernels of the maps Gn → Gn−1, that (An, Bn) is a critical pair
in Gn and that PnCGn(Pn) ≤ Bn for all but finitely many n. Moreover, by condition (ii) of Theorem 2, if L is a
normal subgroup of Gn properly containing Bn = Kn, then L is not the product of a conjugacy class of non-normal
subgroups of Gn that centralise each other. This demonstrates condition (∗), since An > Bn.
It remains to show that any (hereditarily) just infinite profinite group G has an inverse system of the form
given in Theorem 5. Moreover, given information about the composition factors of G, it is possible to impose some
related conditions over the isomorphism types of simple groups that appear in the ‘critical chief factors’ An/Bn,
although this is complicated somewhat by the existence of perfect central extensions of finite simple groups. (Recall
here the well-known theorem of Schur that a perfect finite group G has a universal perfect central extension Q, and
the centre of Q is finite; in this case Z(Q) is the Schur multiplier of G. To see why this is relevant to the present
situation, consider the abelian chief factors of a descending iterated wreath product in which the wreathing groups
are proper perfect central extensions of finite simple groups.)
Definition 7. Let G be a profinite group and let C be a class of finite simple groups (possibly including cyclic
groups of prime order). Define the following condition:
(∗∗) For every integer n, there is a finite image G/N of G and a composition series for G/N in which at least
n of the factors are in C. For every prime p, if C contains the cyclic group of order p, then C also contains all
non-abelian finite simple groups whose Schur multipliers have order divisible by p.
Definition 8. A finite group G is a central product of subgroups {Hi | i ∈ I} if these subgroups generate G, and
whenever i 6= j then [Hi, Hj ] = 1. Say G is centrally decomposable if it is a central product of proper subgroups.
Theorem 9. Let G be a just infinite profinite group that is not virtually pro-p. Let C be a class of finite simple
groups such that (∗∗) holds. Then G is the limit of an inverse system of the form Λ described below.
Let Λ = (Gn)n≥0 be an inverse system of finite groups, where Gn contains a specified normal subgroup An, with
associated surjective homomorphisms ρn : Gn+1 → Gn. Write Pn = ρn(An+1), and write Bn+1 = ker ρn. The pair
(An, Bn) is the image of a critical pair in G, so in particular is critical in Gn, and An/Bn is a direct power of a
group in C. Furthermore PnCGn(Pn) ≤ Bn.
If G is hereditarily just infinite, one may additionally arrange that every subgroup of Gn normalised by An either
contains PnCGn(Pn), or is contained in every maximal normal subgroup of An (or both); in this case, no normal
subgroup of Gn containing An is centrally decomposable.
The main idea in the proof of Theorem 9 is (generalised) obliquity in the sense of [1]; this will be used to obtain
suitable critical pairs.
Theorem 10 (see [1] Theorem A). Let G be a just infinite profinite group, and let H be an open subgroup of G.
Then H contains all but finitely many of the normal subgroups of G.
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Lemma 11. Let G be a just infinite profinite group, let K and L be normal subgroups such that L < K, and
suppose that K/L is a chief factor of G. Then there is a critical pair (A,A ∩ L) in G such that AL = K. Note in
particular that K/L ∼= A/(A ∩ L) and CG(K/L) = CG(A/(A ∩ L)).
Proof. By Theorem 10, the collection K of normal subgroups of G not contained in L is finite. As K is an element
of K, there is a minimal element A of K contained in K. It follows that AL > A and AL ≤ K, so AL = K. Since
A is minimal in K, any normal subgroup of G properly contained in A must be contained in L, and hence in A∩L.
Thus (A,A ∩ L) is a critical pair.
Definition 12. Given a profinite group G and a prime p, write Ep(G) for the intersection of all normal subgroups
of G of index p.
Lemma 13. Let G be a finite group and let p be a prime. Suppose that G has a chief factor of exponent p, that
all chief factors of G of exponent p are central, and that p does not divide the order of the Schur multiplier of any
non-abelian composition factor of G. Then Ep(G) < G.
Proof. Let N be a normal subgroup of largest order such that Ep(N) < N . Such an N exists by the fact that
G has a chief factor of exponent p. Suppose N < G, and let K/N be a minimal normal subgroup of G/N . If
K/N is abelian, then [K,K] ≤ N and [N,K] ≤ Ep(N), so K/Ep(N) is nilpotent. On the other hand, if K/N
is non-abelian, then it is a direct power of a non-abelian finite simple group S, such that the Schur multiplier of
S has order coprime to p. It follows that K/[K,K]Ep(N) is a non-trivial p-group. In either case Ep(K) < K,
contradicting the choice of N .
Lemma 14. Let G be a just infinite profinite group that is not virtually pronilpotent. Let C be a class of finite
simple groups such that (∗∗) holds. Let H be an open subgroup of G. Let D be the set of critical pairs (A,B) in
G such that A/B is a direct power of a group in C. Then there are infinitely many pairs (A,B) ∈ D such that
ACG(A/B) is contained in H.
Proof. Given a normal subgroup R of G, let S be the smallest normal subgroup of R for which R/S has no
composition factors in C. Then S is characteristic in R and hence normal in G, and G/S has only finitely many
composition factors in C. Hence S > 1, so S is of finite index in G. Moreover, by construction, if L is a maximal
proper G-invariant subgroup of S, then all the composition factors of S/L are in C. By letting R range over the
normal subgroups of G contained in H and applying Lemma 11, one obtains infinitely many pairs (A,B) ∈ D such
that A is contained in H . Indeed, such critical pairs account for every C-composition factor of all finite images of
H .
It now suffices to assume that for all but finitely many such pairs, CG(A/B) is not contained in H , and derive
a contradiction. As CG(A/B) is a normal subgroup of G, by Theorem 10 there are only finitely many possibilities
for the subgroup CG(A/B) that are not contained in H . Thus the intersection M of all such centralisers is open.
By the same argument as before, those (A,B) ∈ D for which A ≤ M account for every C-composition factor of a
finite image of M , thus if P/Q is a chief factor of M that is a direct power of a group in C, then [M,P ] ≤ Q.
Let N be the smallest normal subgroup of M such that all the composition factors of M/N are in C. Then
M/N is pronilpotent and N is normal in G, so G/N is virtually pronilpotent. As G is not virtually pronilpotent, it
follows that N has finite index in G. There is (A,B) ∈ D such that A is contained in N . Note that A/B is central
in N/B and hence abelian, say of exponent p, so N/B has a chief factor of exponent p. Moreover, all non-abelian
finite simple groups appearing as composition factors of N are outside of C, and thus have Schur multipliers of
order coprime to p. Thus Ep(N) < N by Lemma 13. As Ep(N) is characteristic in N , it is normal in M . But then
M/Ep(N) is an image of M , all of whose composition factors are in C, contradicting the definition of N .
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Lemma 15. Let G be a centrally decomposable finite group, let K be a non-central subgroup of G, and let L be a
normal subgroup of G. Then there is a normal subgroup H of G and a maximal normal subgroup M of L such that
M does not contain H and H does not contain K.
Proof. Let G be the central product of proper subgroups {Hi | i ∈ I}. Note that the Hi are all normal in G, so
by removing redundant generators, we may assume that for each Hi, there is a maximal normal subgroup of G
that does not contain Hi; if L contains Hi, it follows that MiHi = MiL = G, so Mi ∩ L is a maximal normal
subgroup of L that does not contain Hi. As the Hi are proper, |I| ≥ 2. Suppose H1 and H2 both contain K. Then
H1 centralises K, since it centralises H2 ≥ K, and all other Hi centralise K since they centralise H1. As the Hi
generate G it follows that K ≤ Z(G), a contradiction.
Lemma 16 ((e.g. [1] Lemma 2.2; see also [3])). Let G be a just infinite profinite group and let H be an open
subgroup of G. Then H has finitely many maximal open normal subgroups.
Proof of Theorem 9. We will obtain critical pairs (Rn, Sn) in G such that the subgroups Rn have trivial intersection,
and then use these to construct the required inverse system.
Set R−1 = S−1 = GG. Suppose Rn and Sn have been chosen. If G is hereditarily just infinite, let I be the
intersection of all subgroups of G normalised by Rn that are not contained in M as M ranges over the maximal
open normal subgroups of Rn. Then I is an open subgroup of G, as can be seen by applying Theorem 10 and then
Lemma 16 to each of the finitely many open subgroups of G that contain Rn. Otherwise, let I = Sn. Now choose
a critical pair (A,B) as in Lemma 14 such that ACG(A/B) is contained in I and such that A/B is a direct power
of a group in C. Set Rn+1 = A and Sn+1 = B.
Set Gn = G/Sn+1, set An = Rn/Sn+1, set Pn = Rn+1/Sn+1, and set Bn = Sn/Sn+1. As (Rn, Sn) in critical in
G, it follows that (An, Bn) is critical in Gn. Moreover, ACG(A/B) ≤ I ≤ Sn, so PnCGn(Pn) is contained in Bn by
construction.
Suppose G is hereditarily just infinite, and let T/Sn+1 be a subgroup normalised by An such that not all maximal
normal subgroups of An contain T/Sn+1. Then T ≥ I by construction, so T/Sn+1 contains PnCGn(Pn). As Pn is
not central in An, Lemma 15 implies that no subgroup of Gn containing An is centrally decomposable.
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